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Abstract—An exact analytical solution was derived for the concentration of solute or the temperature of the fluid in
a constant molar flow semi-batch well-stirred vessel in contact with permeable core-shell composites. The linear equi-
libria at both the fluid-particle interface and the core-shell interface are assumed and the extraparticle film resistance
is included. Several particular solutions can be readily degenerated from the solution derived in this work. By taking
the contact affinity at the core-shell interface to zero, the solution in case of impermeable core-shell composites can
be degenerated. By taking both the contact affinity at the core-shell interface and the ratio of mass or thermal effective
diffusivities in the core and the shell to unity or by taking the size of the core to zero, the solution in case of homo-
geneous particles can be degenerated. The solution for the batch vessel is also degenerated by the differentiation of
the solution for the constant molar flow semi-batch vessel with respect to time.
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INTRODUCTION

An adsorption vessel is one of the most basic devices in the study
of adsorption engineering, Its performance depends largely on the
intraparticle diffusion, which is dictated by the structure and the prop-
erties of adsorbent particles. When homogeneous adsorbents are
loaded in the adsorption vessel, we have one of the classical mass
transport problems, which is well described in Crank [1975]. The
heat transport problem can be described in a similar way as the cor-
responding mass transport problem by means of the analogy between
them. As one of the classical heat transport problems [Carslaw and
Jaeger, 1959], for example, the temperature profile in a finite vol-
ume of a well-stirred fluid in contact with a solid (e.g., temperature
rise in a calorimeter when a spherical solid is introduced) can be
expressed by the same mathematical model as the model for the con-
centration profile of solute in the batch adsorption vessel.

Recently, core-shell materials have received much attention be-
cause such composite particles may be useful in many applications
such as development of adsorbents, catalysts, calorimetric sensors,
optoelectronic devices, and bioprocessing devices [Chanda and Rem-
pel, 1997; Liu et al,, 2006; Fu et al., 2005; Ding et al., 2004; Sak-
iyama et al., 2001; Yu and An, 2004; Wang and Harrison, 1999; Yu
and Mulvaney, 2003; Marinakos et al., 2001]. The core-shell compos-
ite is prepared by the surface coating of nanoparticles with various
materials. A large variety of properties (adsorptive, thermal, magnetic,
optical, electrical, mechanical, etc.) can be assigned to the composite
by using various kinds of nanoparticles and appropriate coatings.
Core-shell particles have also been used as precursors to prepare hol-
low structures by the complete removal of core materials through
chemical etching or combustion [Marinakos et al., 2001], and partial
elimination of the core has enabled preparation of novel nanostructures
inside the shell [Rodriguez-Gonzalez et al., 2002; Sun et al., 2002].
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Numerous papers for the preparation of the core-shell composite
have appeared; however, exact mathematical analysis is not abun-
dant in composite research. Chanda and Rempel [1997, 1999] and
Li et al. [2003] derived an exact solution for the solute concentra-
tion in the batch adsorption vessel loaded with the impermeable
core-shell composite. Park [2005] derived an exact solution for the
solute concentration in the constant molar flow semi-batch adsorp-
tion vessel loaded with the impermeable core-shell composite. The
solution for the batch adsorption vessel is readily obtained by the
differentiation of the solution of the semi-batch adsorption vessel
with respect to time.

The aim of this work is to extend the analysis of Park [2005] to
account for the permeability of the inner core. Solution for the imper-
meable core-shell composite can be recovered by taking the con-
tact affinity at the core-shell interface to zero. Solution for the homo-
geneous particle can be also obtained by taking appropriate limits.

MATHEMATICAL MODEL

1. Mass Balance

Consider a well-stirred vessel in which core-shell composites
are loaded. The vessel is initially evacuated. At time t=0, a pure gas
is introduced into the vessel with a molar flow rate NX(t), where
X(t) is the dimensionless unit forcing function, which specifies how
to feed the pure gas into the vessel, and N is the intensity of the forc-
ing function. The schematic sketch of the well-stirred vessel is shown
inFig. 1.

The simplifying assumptions are: (1) ideal mixing in the vessel;
(2) local linear equilibrium at the particle surface; (3) homogeneous
particle diffusion or heat conduction within the outer shell layer of
particle; (4) local linear equilibrium at the core-shell interface, (5)
homogeneous particle diffusion or heat conduction within the inner
core of particle; (6) negligible swelling or shrinking of the core and
the shell. Based on the above assumptions, the mathematical model
is as follows:
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Fig. 1. Semi-batch well-stirred vessel and core-shell structured com-
posite.

Composite

Intraparticle Mass or Heat Balance in Inner Permeable Core (Par-
ticle Phase 1, 0<r<R,):

Mass: %:D,lﬁ(ﬁ%) (1a)
ot rzar or
at =0 C,=0 (1b)
Heat: 211 = kllﬁ(f@) ()
ot r26r or
att=0 T=T, (2b)

Intraparticle Mass or Heat Balance in Outer Shell (Particle Phase
2, R<r<R):

Mass: 0Cu_ Dzlg(rza—cﬂz) (3a)
ot or\  or
att=0 C,=0 (3b)
Heat: o, kzl7 g(rza—TZ) (4a)
ot For\  or
att=0 T,=T, (4b)

Mass or Heat Balance around the Well-Stirred Vessel:

Mass: V,3C2 4 vaCD _ ity (50)
dt dt
R R}
n=(1-B)c+Rec, (5b)
R’ R’
3 2 . _ 3 e
(Cor= g f, FCadrs (Co =5 [rCaar o
att=0 C,=0 (5d)
Heat: v, 4L v(Cae) A _ Ny (6a)
dt o’ dt cup
(n=(1-Re)ery+ ey (6b)
3 2 : 3 R
<T2>—R3_R3FJI; r'Tydr; (T = I??“‘: rT,dr (6¢)
at t=0 T,=T, (6d)

Three Boundary Conditions and Two Linear Equilibrium Rela-
tionships:

Mass: 9Cu| =0 (7a)
or |
[Dza—cﬂ —K(C,~C.) (7b)
or 1,
D,%u| =p,%Cw (7c)
6r =R, ar =R
C;,2|,.:R = K?.Cx: (C.\' = Ch|,:R) (7d)

Cotl=r,=KiCoal g, (Te)
Heat: 2 —0 (8a)

orl,

(eS| =hri-) (8b)

or R
[ CA N el b (8¢)
or R, or =R

T2|,-:R = KZTsa (Ts = Th|,-:R) (8d)

Ti|r =KiTo| g, (8e)
Unit Step Forcing Function:

For the constant molar flow semi-batch well-stirred vessel, the
forcing function X(t) is

X®=U® ©

Eq. (7a) [or Eq. (8a) for heat transport] is the usual symmetric
boundary conditions at the centre of the particle, Eq. (7b) [or Eq.
(8b) for heat transport] represents the contact resistance at the bulk-
particle interface, and Eq. (7c) [or Eq. (8c) for heat transport] is the
continuity of flux at the shell-core interface within particles. Egs.
(7d) and (7e) [or Egs. (8d) and (8e) for heat transport] represent the
linear contact affinities at the bulk-particle interface and at shell-
core interface within particle, respectively. In heat transport prob-
lems, it should be noted that temperatures of fluid and particle at
the interface and temperatures of shell and core at the interface are
usually assumed to be the same, respectively [Carslaw and Jaeger,
1959; Levine, 1999]. In mass transfer problems, however, the con-
centrations of two phases at the interface are usually different from
each other as physical properties are different in the two phases.
Nevertheless, Egs. (7d) and (7e) will be accepted in mass transfer
problems of a constant molar flow (CMF) semi-batch vessel since
very low concentration is maintained in a CMF semi-batch adsorp-
tion vessel [Park and Do, 1996].

2. Non-Dimensionalization

With the dimensionless variables and parameters defined in Table

1, the model equations for both mass and heat transport problems

Table 1. Definition of dimensionless variables and parameters

Variables Heat transfer
Mass transfer

and T,=reference
C,=reference

parameters T,=feed temperature
Ah Ch/CO (Th_ Tl)/(TO_ TI)
A, C/Cy (T=TH(T,—T)
Az C2/K2C0 (Tz - Ti)/Kz(To - Ti)
Al C I/KZCO (Tl - Ti)/Kz(T07 Ti)
A C/K,C, (T-TYKAT,-T)
T D,t/R? k,t/R*
X /R /R
Xc R./R R./R
& kR/K,D, hR/K,x;
5 VKV, (/P XVKAV,)
a J/D//D, Jki/k,
0 RZ/DZ_ R’/k, .

V,Co/N oo Vo(To=T)/N
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given in the previous section are written in dimensionless forms as
follows:

Intraparticle Mass or Heat Balance in Inner Permeable Core (0<

% - az(auAl + 2%) (10a)
ot ox? X 0x
at =0 A=0 (10b)

Intraparticle Mass or Heat Balance in Outer Shell (x.<x<1):

2
0hs_(Z4:, 204 (I1a)
ot ox> X 0x
at =0 A=0 (11b)

Mass or Heat Balance around the Well-Stirred Vessel (Bulk Phase):

(LAb+ﬂoM=QX(r) (12a)
dr dr
(A)=(1-x)(A)+x{A,) (12b)
(A== XAdx;  (Ay=——] xAdx (12¢)
1-x¢™e I—x¢™
at =0 A,=0 (12d)

Three Boundary Conditions and Two Linear Equilibrium Rela-
tionships:

O0A,

| | 13
x|, (132)
P—Az} =&(A—AY) (13b)

ox J_,
220A) _0A (13¢)
OX |y, OX |iy,

Al _=AGEA) (13d)
A, L:A.A.: K, A2|X:XA (13e)

Unit Step Forcing Function:

X(9=U(2) (14)

ANALYTICAL SOLUTION

1. Solution in Laplace Domain
1-1. Solution in Terms of Overall Transfer Function G(s)

From Eq. (12), the overall transfer function which relates the forc-
ing function to the response in Laplace domain are given by

Gs)=Br____ 1

QX s(1+5F(s)

in terms of the vessel transfer function F(s). Substituting the forcing

function X=1/s into Eq. (15), we obtain the solution for the step
response in Laplace domain:

(15)

A 1

200 o - 16

(Q)f’"l’ s’(1+ fF(s)) o

The vessel transfer function F(s) in Egs. (15) and (16) is defined by

F©)=S82 (1 x)F(5) +x2F () (7
A

b

March, 2006

where F\(s) is the vessel transfer function for the inner core and F(s)
is the vessel transfer function for the outer shell, which are defined,
respectively, by

_A) _BiXe (A _ a(s)/(1-x0)
F = = F = - 18
O e YT T e “
1-2. Vessel Transfer Function F(s)
General solution of (10) in Laplace domain is:

A=b, lcosh(;{ﬁ/a) + bﬁsmh();/é/a) (19)

General solution of (11) in Laplace domain is:

o bzlcosh(xﬁ) N bzzsinh(xﬁ) 20)
X X

Applying boundary conditions and linear adsorption affinities (13a)-
(13e) to Egs. (19) and (20), we have

b,=0 @la)
by, D2Kil1= Q(s)coth(xf)]sinh(xfﬁ) Q21b)
. [(Xcals
smh(T)
by=—b,Q(s) B @l
bar= A @1d)

[(17 ?sinh(ﬁ) + %gcosh(ﬁ)}
~ [(1 - é)cosh(ﬁ) + “/?gsinh(ﬁ)}Q(s)

[azK,[ 1- %ﬁcoth()%gﬂ}

Q)= tanh x5 LA/ @le)

[azK,[ 1- %ﬁcoth()%gﬂ}

—[1=xcAfstanh(xc/s)]

Subsequently, by substitutions of Eq. (19) for A, and Eq. (20)
for A, into Egs. (17) and (18), functions f,(s), f,,(s) and £,,(s) in Eq.
(18) can be obtained as:

fi(s)= {(17 ?sinh(ﬁ) + “L;cosh(ﬁ)}
- [(1 - lg)cosh(ﬁ) + J?gsinh(ﬁ)}Q(s) (22a)
fou(s) = %(ak,)[’%gcoth(’%g) - :|><
[sinh(xcn/s) — Q(s)cosh(xc/s)] (22b)
{(ﬁcosh(ﬁ)—smh(ﬁ» }

| (Xefscosh(xea/s) — sinh(x¢/s)) 20

S . {(cosh(,\/g) - J;SIHh(«/;)) :|Q(S)
— (cosh(xca/s) — xca/ssinh(xcA/5))

Thus, vessel transfer function F(s) is defined completely by Egs.
(17) and (18) by substitution of Eq. (22) for f,(s), £,(s) and £,,(s).
2. Solution in Time Domain
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The analytical solution of the model can be obtained by the inverse
transformation using the method of residue.

Using the power series expansion of F(s), we can rewrite the solu-
tion in Laplace domain as

R T e
Do [+ fF(s)] sL1+By(ap+as+as +a;5 +--)

_1 1 Ba)
_Sz|:1+ﬂoao (1+ﬂoao)sz+P”(S) (23)

where P (s) is the n-th order potynomial of's, and a, and a, are given by
ap=(1-x0) +K x¢ (23b)
a= 301X +KXT

[(1-x¢)+Kx¢]
! 230)

As we can see in Eq. (23a), there are two kinds of poles in La-
place domain solution: One is the double pole at s=0; the other is
the infinite number of poles at 1+/4F(s)=0. Hence, the solution in
time domain consists of two parts: One part comes from the double
pole at s=0, which corresponds to the long time solution after the
transient part dissipates at 7—>c0; the other part comes from the
infinite number of poles at 1+/F(s)=0, which corresponds to the
transient part of the solution. That is,

A A A

.6, G, o)
where (A,/€D),,,, is the long time solution and (A,/£2),,,, , is the tran-
sient part.

Using Eg. (23), we can readily obtain the residue at the double pole
at s=0 as

O

Ly 14620 (14 fra,)’
That is,
(&) —aer A0 K100+ 6) o
step, 1
where
1
- 3 3 (25b)
1+ A[(1-x0) +Kixc]
o= 3l§[(] - XZ) + lei'] (25¢)
AR -0 5K -1 + (LK
O,=—| 1+ _ _ a
15 (1-x)+Kx

(25d)

The sum of residues at the infinite number of poles at 1+4F(s)=0
can be obtained by a somewhat tedious procedure of inverse trans-
form as

(ﬁ) _ o= Bo(Fa(A,) + Po(4,))exp(—= /ﬁ 7) (26)
L iepr FN[D(A)+ B Por( L) + ) (A,)]

Eigenvalues A, (for n=1, 2, ---, »0) in the above equation are given
by the positive roots of the following transcendental equation:

FD ALk Dt (D=0 @n
The six functions in Egs. (26) and (27) are defined by

¥i(2)= (i) lim £,(s) (28a)
Vii(2) = (D) lim £ (5 (28b)
¥o(A)=(=1)lim fp(s) (28¢c)

s>—1

Table 2. Definition of functions contained in transient part of re-

sponse
=1-a’K+a K.ﬁcot(}“;(') + AXctan(Axc) (30a)
a,=cos(A)— Esin(l) (30b)
a5 =1—a’K = Axccot(Axc) + alKll_’%cot(‘;‘C) (30c)
= (é - 1)cos(/1) + fgsin(ﬁ) (30d)
AXc AXc Axc i
as=|~ aK‘COt( a ) +akK, = s ( a ) tan(/x.) (30e)
— Axcsec?(Axe) — tan(/lxc)
= s aqsecz(lxc) (30f)
—cot(Axc) +aK, cot(lXC)
=, tan(Ax¢) (30g)
+ }tx([cscz(}tx() K,cscl (/I:CH
o= %2;005(/1) + sin(l)}tan(/lxc) (30h)
. %cos(i) i (1 - ?sin(f) (30i)
Bi= a“K][(’%‘f) cot(%‘fﬂ [1= Axctan(Axo)] (30j)
p=a [/Ixccsc(/lxcﬂ [1+ Axctan(Axc)] (30k)

e [(Ax() cot(ﬂ:tﬂ[— 2a°K, + A’x¢+ 22K, Ax tan(Ax)] (30])

Bi=a[-1+2’K,— I'x¢— (1+a°K, ) Axctan(Ax.)] (30m)
B, :azKl[ _ A (ﬁxfﬂ[ixcsec(zxc)] (30n)
a
yi=—2a[Acos(A) — Axccos(Axc) —sin(A) +sin(Axc)] (300)
»=2a;)tan(Axc) (30p)
=0, [—sin(A) +xzsin(Ax¢)] (309)
%= A (30r)
Aoy

yi= %ﬂssecz(lxc) (30s)

=%k 30t
v (30t)
7= 03[ cos(A) —xzcos(Ax ) tan(Ax() (30u)
% =—c0s(A) +cos(Axc) — Asin(A) + Axsin(Ax¢) (30v)

Korean J. Chem. Eng.(Vol. 23, No. 2)
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D ()=(- i) lim 1) df‘(s) (28d)

,(2)= (=i lim 2) de'(S) (28¢)

@o(3)= (1) lim de’(S) (281)

which can be obtained as

YD) =+ ( )tan(lxc) (29a)
bs

()= (a]) (29b)

(1) = (}’1;}’2) (29%)
an+osaasl o+ g+ o) xet o

@(A)= ( - ) (29d)

@, (=28 ﬂ‘+ﬂ2+ﬂ3+ﬂ“)[ﬂx sec(Axo)] (29)

22! o
@,y(A)= (71"'72"’4 [7/3+(74+79+76)X(+77]) (299
22! 29}

Functions of A in Eq. (29) (ie., &, £'s, ¥'s) are given in Table 2.
This completes the derivation of the step response of a CMF semi-
batch vessel in contact with permeable core-shell composites.

DISCUSSION

By differentiation of the step response with respect to time, the
impulse response can be obtained [Park, 2005]. Hence, by differ-
entiation of Eq. (24), we obtain the solution for the batch vessel in
contact with permeable core-shell composites:

(ﬁ) :50"' < ?0( '{,21(4’")_'_ %Z(ﬂn))exp(_ ﬂ'1211-) (31)
2 yaien =L D(A) + B Poi(A) + D) (A)]

As we can see in comparison of Egs. (25) and (31), only the equi-
librium information is obtained from the long time solution of the
batch vessel while both the equilibrium and the kinetic information
is obtained from the long time solution of the CMF semi-batch vessel.
Using the definition of variables and parameters in Table 1, Eq. (31)
represents the concentration of solute in the well-stirred batch adsorp-
tion vessel loaded with permeable core-shell adsorbents in mass trans-
port problem. In a heat transport problem, Eq. (31) represents the
fluid temperature in a well-stirred batch vessel in contact with core-
shell particles.

Taking limits of Eqs. (24) and (27) at K, —0, we can obtain the
step response and the transcendental equation for the eigenvalues
in case of impermeable core-shell composites (derivation is given in
Appendix):

(A?;)p =84 A1-X)5 0+ ) (32a)
(14 Zx)sin4,(1-x)] }
o —ln 1- C ﬂ’ﬂ 1- C.
(%) -6a e e e
Powz A sin[4(1-x)]
"1 +B,cos[1,(1-x0)]

l X+ (A1E=38)(1— x()

A(1=xc
anlAd=xal= (,1/5 38)(1+ A2x0)— A

March, 2006

A=A, (n=1,2, -+, ) (32¢)
1

=" 32d
1+ Bo(1-x¢) 629
5= lggc (32¢)
_1 4(1- xp)xp 5(1- xF)xp
%= 15 (1 1— x * 1— Xc ) (326)

A,= 2(1—2) (3ﬂ0—E)—(1+§/ﬁx( (/1 +3ﬂ0—E)x;~ (32¢)

B”:A{(H @ +{3ﬂ0/§+2(1 Q}xp (3,307 @xi} (32h)

These are the same equations as those equations for the imperme-
able core-shell composites reported by Park [2005].

Taking limits of Eqgs. (24) and (27) at K,—1 and a—1, we can
obtain the step response and the transcendental equation for the ei-
genvalues in the case of homogeneous particles:

% I LSS+ 8) (33a)
QW , e ul,,[;sxms(lj()/l,,)ﬁ;osc(o/z()ﬁ )]BXP(_ ) 30)
tan(1)= % A=14, (n=1,2, -, ) (33c)
&= a (33d)
o3z (330)
R (330
A,= 2(1— 2) (3 fo-t E (339
B,= @[(H @J (33h)

Note that Eqs. (33a)-(33h) are simply the limits of Egs. (32a)-(32h)
at x.—0. It is not surprising that the impermeable core-shell com-
posite becomes homogeneous in both limits at K,—1 & a—1 and
x.—0. Park [2002] reported different forms of the response and
the transcendental equation in case of homogeneous particles, which
can be readily converted to Eq. (33

CONCLUSION

We have derived an exact analytical solution of a mathematical
model describing the concentration of solute or the temperature of
the fluid in a constant molar flow semi-batch well-stirred vessel in
contact with permeable core-shell composites. In both limits at K,
—1 & a—1 and x.—0, the solution in this work reduces to the
solution in case of homogeneous particles reported in the reference.
Moreover, in the limit at K, —0, the solution reduces to the solution
in the case of impermeable core-shell composites reported in the
reference. Finally, we should remark that the analytical solution is
for spherical shell and spherical core only. For non-spherical core-
shell composites, the results in this work may only be approximate.
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APPENDIX: Derivation of Eq. (32) from Eq. (26)
by Taking the Limit as K,—0

In the limit as K, —0, we can have easily the following from Eq.
(30):

=1+ Ax tan(Axc) (A.la)
2= cos(A)— iisin(l) (A.1b)
o;=1—Axccot(Axc) (A.lc)
= (15 - 1)cos(/1) + %sin(l) (A.1d)
as= [~ Axcsec’ (Axc) —tan(Axc) tan(Ax,) (A.le)
5= s aysec (Axc) (A.lf)
= ay[— cot(Axe) + Axcese’ (Ax o) tan(Axc) (Alg)
= a{gcos(/m sin(i)}tan(ﬂxg) (A.1h)
%= i;cos(z) + (1 - lg)sin(l) (ATi)
=0 (A1)
Bo=a [’1’“ (’leﬂ [1+ Axctan(Ax0)] (A1K)
(¢ Ax¢
preal] (oo 222) Jxoy (A1)
Bi=a’[-1- Axi— Axtan(Ax()] (A.1m)
Bs=0 (A.1n)
7=—2o[Acos(A) — Axccos(Axc) — sin(A) +sin(Ax()] (A.lo)
n=2a;ptan(Axc) (A.lp)
7= o[- sin(A) + xgsin(Axc)] (A.1q)
n=—=k (Alr)
V= #secz(/lxc) (A.ls)
__ )
5= e Ay
7 =a;[cos(A) —xEcos(Ax ) [tan(Ax,) (A.1u)
7%=—c08(A) +cos(Axc) — Asin(A) + Axsin(Ax ) (A.1v)

By substitution of above equations into Eq. (29), we can obtain
the following using a standard software package such as MATHE-
MATICA®:

[ 2%+ E{ -1+ (=14 2x)(Axc) }cos ()
F 2%+ &1+ (Axc))cos[A(1-2x)]
. ,1{[ 1+ 2(xe—2x2)]sin(A) }
o) + (1+2g"xF—(lxp)z)sin[l(I:ZXF)] (a2
42& cos(Ax ) + Axcsin(Ax )]
@, (1)=0 (A2b)

221+ A (= 1+x)xe]cos(L)
+22{=1+[2+ 2 (=1+xc)]xc} cos[A(1-2x)]
+ {24 A [-14+x0(2 + A (= 1+2x0))]}sin( L)
+ {24 [~ 14+ x4+ (X =2)x)]}sin[A(1-2x,)]

3

(1722(1) = n B
41" [cos(Axc) + Axcsin(Axc)]”
(A2c)
{/1[1+(—1+f)x(~]cos[/1(1—xc)] }
(=14 E=x)sin[A(1-x)]
RO = Py o vy ey (A2d)
#u(A)=0 (A2e)

3{AU=1+x)cos[ A1-x)]+(1+ x)sin[ A(1-x)]}
2[cos(Axc) + Axesin(Axc)]

()=
(A20)
Thus, we have the following:

=Bl P D) + Foi(D] == Sy o A)
_ 3Bt A(1- xp)cos[/i(l xc)]-(1+ A xc)sin[ A(1-x¢)]} (A3)
A[cos(Axc) + Axcsin(Axe)]
(D) + Bl P D)+ Far(D)]
{/1[3 Bo(—14+x0)+ X (1+(=1+ Ox)]cos[A(1— xc)]}
BB Aixet (14 E43AxIsinlA(1-x)]
- A[cos(Axc) + Axcsin(Axc)]
ATDUA) + B Po1(A) + ) (D]

(A4)

_ (fJ, A XF)[ H(2,)+ Aol PR+ Pa)(D)]

:|cos[/l(1—x(~)]
+(1+Q2+38)xc—3Bxe)

{— 2/E+ P (=1/E=(1+2/E)x¢

}sin[i(l -xd)]
+(1=1/Ex2) + (2 +3B(1+x0))

_ _ (A5)
2[cos(Axc) + Axcsin(Ax¢)]

l{(lxc)(zzzxc)/a

Thus, the transcendental equation for A is:
FA(A) +Bol Pra(D) + Fa(D]=0 (A.62)
That is (from Egs. (A.4) and (A.6a)),
ABBE(=1+x0) + A1+ (=1+Hx.)]
—[3Bé—A'xc+ (=14 E+3 Bx0)]
— ﬂ,lzfc + (12/57 31802)( 1- XCZ (A6b)
(A1E=-3B)(1+ A xc)—A
Next, we have the following since #(A)+ 4] Yo (D)t ¥, (H)]=0:
= Bi(F(D) + F(A)
14[ D(A) + P Dor(A) + Dp(A))]
— _IBO( l}/zl(l)"’ ll/zz(l)) (A7)
r[@l(ﬂ)wo(@l(m @o(2)]

tan[A(1-x¢)]=

(l + A xC){I}/(&).{.ﬂO[ Fro(A)+ F(D]}

Finally, substituting Egs. (A.3) and (A.5) into Eq. (A.7), we have

=B+ ¥a(D)
L LD + B Doy(2) + P A))]
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_65{(+ 2x)sin[ A(1=x)] = A1=x)cos[A(1-x)]} (AS8a)

A ALA)sin[A(1=-x)]+B,(A)cos[A(1-x)]} ’

1 Vs 2\ 2 2 2 2

A,,(Z,)Zz(l* 2) + (3[30* E) - (1+ 2)2, X(“f‘(ﬂ, +3ﬂ0* E)Xc
(A:8b)

B,(4)= 1{(1 + 9 + {3 fo— % +z(1 - é)}xc— (3 - @xé} (A80)

This completes the derivation of Eq. (32) from Eq. (26) by taking
the limit as K, —0.

NOMENCLATURE

C  :concentration in particle phase [mol/m’]
C, :reference concentration, on which dimensionless con-
centration is based [mol/m’]
, :concentration in fluid phase [mol/m’]
: concentration in fluid phase at particle surface [mol/m’]
1» C,: concentration in the core and the shell within particle,
respectively [mol/m’]
¢, C,, » molar heat capacity of fluid phase and mean molar heat ca-
pacity of particle phase, respectively [J/mol-K]
D,, D, : effective diffusivity in the core and shell, respectively [m?/s]
h,  :external film heat transfer coefficient [J/m*s-K]
K,, K, : dimensionless contact affinity at core-shell interface and
fluid-particle interface, respectively

k,  :external film mass transfer coefficient [m/s]
ki, k, : effective thermal diffusivity in the core and shell, respec-
tively [m?¥/s]

N :molar flow rate of adsorbate into vessel [mol/sec]

R :radius of adsorbent particle [m]

R,  :radius of inert core [m]

r : radius variable of adsorbent particle [m]

T  :temperature in particle phase [K]

T, :reference temperature, on which dimensionless temperature
is based [K]

T, :temperature in fluid phase [K]

T, :feed temperature, or temperature within vessel at t=0 [K]

T, :temperature in fluid phase at particle surface [K]

T,, T, : temperature in the core and the shell within particle, respec-
tively [K]

t : time variable [s]

V,, V: volume of fluid phase and total particles including cores and
shells within vessel, respectively [m’]
: thermal conductivity of the outer shell of the core-shell
composite [J/m-s-K]
P, P, molar density of fluid phase and mean molar density of par-
ticle phase, respectively [mol/m’]
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